Yoga of Commutators in Roy's Elementary Orthogonal Group by Ambily, A. A.
ar
X
iv
:1
30
5.
28
26
v2
  [
ma
th.
AC
]  
4 J
an
 20
14
YOGA OF COMMUTATORS IN ROY’S ELEMENTARY
ORTHOGONAL GROUP
A. A. AMBILY
Abstract. In this article, we give explicit proofs of certain commutator relations
among the elementary generators of the elementary orthogonal group EOA(Q⊥H(P )),
where A is a commutative ring, Q is a non-singular quadratic A-space and H(P ) is the
hyperbolic space of a finitely generated projective module P with the natural quadratic
form. Using these relations, we established a local-global principle of D. Quillen for the
Dickson–Siegel–Eichler–Roy (DSER) elementary orthogonal transformations in [2]. In
[1], by using these commutator relations, we prove the normality of this elementary
group in the orthogonal group under some conditions on the hyperbolic rank. Also,
these relations are used to obtain further information about this orthogonal group and
in comparing it with similar groups such as Hermitian groups and odd unitary groups.
1. Introduction
Commutator relations involving elementary matrices play a key role in answering
questions in the K-theory of rings. Steinberg’s celebrated commutator formulae were
generalized to the setting of Chevalley-Demazure group schemes over commutative rings
by Michael Stein. The commutator formulae were pivotal in obtaining local-global
principles for various groups. Localisation is one of the most powerful tools in the
study of structure of quadratic modules and more generally, of algebraic groups over
rings. It helps to reduce many important problems over arbitrary commutative rings to
similar problems for semi-local rings. Localisation comes in a number of versions such as
localisation and patching, proposed by D. Quillen in [6] and A. A. Suslin in [8], and
localisation-completion, proposed by A. Bak (see [3]). Both of these methods rely
on the yoga of commutators. This term was coined by R. Hazrat, A. Stepanov, N. A.
Vavilov, Z. Zhang (see [5]) and stands for a large body of common calculations, known
as conjugation calculus and as commutator calculus. Their main objective is to
obtain explicit estimates of the modulus of continuity in s-adic topology for conjugation
by a specific matrix, and to calculate mutual commutator subgroups, nilpotent filtration
etc.
In this article, we consider a group of transformations defined and studied by A. Roy
in his Ph.D. thesis (see [7]) generalizing the classical Eichler-Siegel transformations to
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commutative rings. These elementary transformations are defined for quadratic spaces
Q⊥H(P ) with a hyperbolic summand over a commutative ring and we call this ele-
mentary orthogonal group as Dickson–Siegel–Eichler–Roy or DSER group. We establish
several commutator relations among Roy’s elementary transformations. We have used
these relations to establish a local-global principle for Roy’s group of orthogonal trans-
formations over a polynomial extension(see [2]). In addition, we have also used these
commutator formulae to show that Roy’s elementary orthogonal group is normalised
by the orthogonal group of smaller size and under certain stable range conditions the
elementary orthogonal group is normal in the full orthogonal group in [1]. Further, in
the same article, we proved a stability result for K1 of the orthogonal group using the
commutator formulae proved in this article. Thus, the commutator formulae developed
here have proved to be quite useful.
Even though we needed only commutator relations in the above applications most of
the time, the relations themselves could be found only after computing the commutators
explicitly. Thus, we are forced to work out the rather involved expressions for commu-
tators appearing in this article. Our commutator formulae are done by hand although
the shape emerged in a few small-dimensional cases using the computer algebra system
GAP (see [4]).
2. Preliminaries
Let A be a commutative ring in which 2 is invertible. A quadratic A-module is a
pair (M, q), where M is an A-module and q is a quadratic form on M . A quadratic
space over A is a pair (M, q), where M is a finitely generated projective A-module and
q : M −→ A is a non-singular quadratic form. Let M∗ denote the dual of the module
M . Let Bq be the symmetric bilinear form associated to q on M , which is given by
Bq(x, y) = q(x+ y)− q(x)− q(y) and dBq : M → M
∗ be the induced isomorphism given
by dBq(x)(y) = Bq(x, y), where x, y ∈ M . Given two quadratic A-modules (M1, q1)
and (M2, q2), their orthogonal sum (M, q) is defined by taking M = M1 ⊕ M2 and
q((x1, x2)) = q1(x1)+ q2(x2) for x1 ∈M1, x2 ∈M2. Denote (M, q) by (M1, q1)⊥(M2, q2)
and q by q1⊥q2.
Let P be a finitely generated projective A-module. The module P ⊕P ∗ has a natural
quadratic form given by p((x, f)) = f(x) for x ∈ P , f ∈ P ∗. The corresponding bilinear
form Bp is given by Bp((x1, f1), (x2, f2)) = f1(x2)+f2(x1) for x1, x2 ∈ P and f1, f2 ∈ P
∗.
The quadratic space (P ⊕ P ∗, p), denoted by H(P ), is called the hyperbolic space of P .
A quadratic space M is said to be hyperbolic if it is isometric to H(P ) for some P .
The quadratic space H(A), denoted by h, is called a hyperbolic plane. The orthogonal
sum h⊥h⊥· · ·⊥h of n hyperbolic planes is denoted by hn.
Let Q be a quadratic A-space and P be a finitely generated projective A-module.
Now let M = Q⊥H(P ). This is a quadratic space with the quadratic form q⊥p. The
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associated bilinear form on M , denoted by 〈·, ·〉, is given by
〈(a, x), (b, y)〉 = Bq((a, b)) +Bp((x, y)) for all a, b ∈ Q and x, y ∈ H(P ),
where Bq and Bp are the bilinear forms on Q and P . Let M = M(B, q) be a quadratic
module over A with quadratic form q and associated symmetric bilinear form B. Then
the orthogonal group of M is defined as follows:
OA(M) = {σ ∈ Aut(M) | q(σ(x)) = q(x) for all x ∈M}, (1)
where Aut(M) be the group of all A-linear automorphisms of M .
For any A-linear map α : Q → P (β : Q → P ∗), the dual map αt : P ∗ → Q∗
(βt : P ∗∗ ≃ P → Q∗) is defined as αt(ϕ) = ϕ ◦ α (βt(ϕ∗) = ϕ∗ ◦ β) for ϕ ∈ P ∗
(ϕ∗ ∈ P ∗∗). Recall from [7], the A-linear map α∗ : P ∗ → Q (β∗ : P → Q) is defined by
α∗ = d−1Bq ◦ α
t (β∗ = d−1Bq ◦ β
t ◦ ε, where ε is the natural isomorphism P → P ∗∗) and is
characterized by the relation
(f ◦ α)(z) = Bq (α
∗(f), z) for f ∈ P ∗, z ∈ Q.
In [7], A. Roy defined the “elementary” transformations Eα, E
∗
β of Q⊥H(P ) given
by
Eα(z) = z + α(z) E
∗
β(z) = z + β(z)
Eα(x) = x E
∗
β(x) = −β
∗(x) + x− 1
2
ββ∗(x)
Eα(f) = −α
∗(f)− 1
2
αα∗(f) + f E∗β(f) = f
for z ∈ Q, x ∈ P and f ∈ P ∗. Observe that these transformations are orthogonal with
respect to the above quadratic form q⊥p.
We found it difficult to give a meaningful set of commutator relations for the set of
generators {Eα, E
∗
β | α ∈ HomA(Q,P ), β ∈ HomA(Q,P
∗)}.
Let Q and P be free A-modules. In this case, we could conceive of a natural set of
generators, for which we could develop the commutator machinery. These generators
will be denoted by Eαij , E
∗
βij
below. We proceed to define these now.
Let P and Q be free modules of rank m and n respectively, then we can identify
P , P ∗ and Q with Am, Am and An respectively. Let {zi : 1 ≤ i ≤ n} be a basis
for Q, {gi : 1 ≤ i ≤ n} be a basis for Q
∗, {xi : 1 ≤ i ≤ m} be a basis for P and
{fi : 1 ≤ i ≤ m} be a basis for P
∗.
Let pi : A
n −→ A be the projection onto the ith component and ηi : A −→ A
n be the
inclusion into the ith component. Let α ∈ Hom(Q,P ). Let αi, αij ∈ Hom(Q,P ) be the
maps given by
αi = ηi ◦ pi ◦ α and αij = ηi ◦ pi ◦ α ◦ ηj ◦ pj
for 1 ≤ i ≤ m and 1 ≤ j ≤ n. Clearly α = Σmi=1αi = Σ
m
i=1Σ
n
j=1αij. Then α
∗
i , α
∗
ij ∈
Hom(P ∗, Q) be the maps given by
α∗i = (α
∗)i = α
∗ ◦ ηi ◦ pi and α
∗
ij = (α
∗)ij = ηj ◦ pj ◦ α
∗ ◦ ηi ◦ pi.
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Then α∗ = Σmi=1α
∗
i = Σ
m
i=1Σ
n
j=1α
∗
ij. One can also see that this definition of α
∗
i , α
∗
ij
coincides with the one obtained by applying α∗ = dBq
−1 ◦ αt ∈ Hom(P ∗, Q) to αi and
αij.
Let z = Σnj=1djzj ∈ Q for some dj ∈ A. Then α is defined by α(zj) = x
(j) = Σmi=1bijxi
for some bij ∈ A and α(z) = Σ
n
j=1Σ
m
i=1djbijxi, αi(z) = Σ
n
j=1djbijxi and αij(z) = djbijxi.
Let α∗(fi) = wi for some wi ∈ Q. If f = Σ
m
i=1cifi for some ci ∈ A, then ci = 〈f, xi〉 and
so α∗(f) = Σmi=1〈f, xi〉wi. If wi = Σ
n
j=1yjzj for some yj ∈ A, then wij = yjzj ∈ Q.
For 1 ≤ i ≤ m and 1 ≤ j ≤ n, the maps α∗i and α
∗
ij ’s are given by
α∗i (fj) =
{
wi if j = i,
0 if j 6= i.
α∗ij(fk) =
{
wij if k = i,
0 if k 6= i.
Let β ∈ Hom(Q,P ∗). Set β∗(xi) = vi for some vi ∈ Q, let vij denotes the element
ηj ◦ pj(vi). Now defining the maps βi, βij, β
∗
i , β
∗
ij similarly and extending these to the
whole of Q ⊕ P ⊕ P ∗, we will get the maps as follows: For z ∈ Q, x ∈ P , f ∈ P ∗;
1 ≤ i ≤ m and 1 ≤ j ≤ n;
αij(z, x, f) = (0, 〈wij, z〉xi, 0), βij(z, x, f) = (0, 0, 〈vij, z〉fi) ,
αi(z, x, f) = (0, 〈wi, z〉xi, 0) , βi(z, x, f) = (0, 0, 〈vi, z〉fi) ,
α(z, x, f) = (0,Σmi=1〈wi, z〉xi, 0) , β(z, x, f) = (0, 0,Σ
m
i=1〈vi, z〉fi) ,
α∗ij(z, x, f) = (〈f, xi〉wij, 0, 0) , β
∗
ij(z, x, f) = (〈x, fi〉vij, 0, 0) ,
α∗i (z, x, f) = (〈f, xi〉wi, 0, 0) , β
∗
i (z, x, f) = (〈x, fi〉vi, 0, 0) ,
α∗(z, x, f) = (Σmi=1〈f, xi〉wi, 0, 0) , β
∗(z, x, f) = (Σmi=1〈x, fi〉vi, 0, 0) .
Also, q(wij) =
1
2
〈wij, wij〉 and q(vij) =
1
2
〈vij, vij〉.
The orthogonal transformation Eαij on Q⊥H(P ) for α ∈ Hom(Q,P ) is given by
Eαij (z, x, f) =
(
I − α∗ij + αij −
1
2
αijα
∗
ij
)
(z, x, f)
=
(
z − 〈f, xi〉wij, x+ 〈wij, z〉xi − 〈f, xi〉q(wij)xi, f
)
.
The orthogonal transformation E∗βij of Q⊥H(P ) for β ∈ Hom(Q,P
∗) is given by
E∗βij(z, x, f) =
(
I − β∗ij + βij −
1
2
βijβ
∗
ij
)
(z, x, f)
=
(
z − 〈fi, x〉vij , x, f + 〈vij, z〉fi − 〈x, fi〉q(vij)fi
)
.
Notation 2.1. Let G be a group and a, b ∈ G. Then [a, b] denotes the commutator
aba−1b−1.
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3. Commutators of Elementary Transformations
In this section, we establish various commutator relations among the elementary gen-
erators of Roy’s elementary orthogonal group. We will carry out the computations in
two different ways - one is by choosing bases (which we call the method using coordi-
nates), and the other by just using the formal definition without choosing bases (which
we call the coordinate-free method). We need commutator relations of length up to
16. By the ‘length’of a commutator, we mean the number of words in the commutator
expression.
The following is a coordinate-free definition of the elementary generators.
Definition 3.1. For θ ∈ HomA(Q,P ) or HomA(Q,P
∗), define θ∗ as d−1Bq ◦θ
t or d−1Bq ◦θ
t◦ε,
where ε is the natural isomorphism P → P ∗∗ according to whether θ ∈ HomA(Q,P ) or
HomA(Q,P
∗) respectively. Then the elementary transformations Eθ and E
−1
θ are given
by
Eθ = I + θ − θ
∗ −
1
2
θθ∗,
E−1θ = I − θ + θ
∗ −
1
2
θθ∗ = E(−θ).
We now give the definition of the elementary generators using coordinates.
Definition 3.2. Let α, δ ∈ HomA(Q,P ); β, γ ∈ HomA(Q,P
∗) and wi, ti, vi, ci ∈ Q for
1 ≤ i ≤ m. Then, choosing bases {xi}
m
i=1, {fi}
m
i=1, {zi}
m
i=1 respectively for P, P
∗, Q, one
can define the following elements in HomA(Q ⊥ H(P )).
αij (z, x, f) = (0, 〈wij, z〉xi, 0), α
∗
ij (z, x, f) = (〈f, xi〉wij, 0, 0),
δkl (z, x, f) = (0, 〈tkl, z〉xk, 0), δ
∗
kl (z, x, f) = (〈f, xk〉tkl, 0, 0),
βij(z, x, f) = (0, 0, 〈vij, z〉fi), β
∗
ij(z, x, f) = (〈x, fi〉vij, 0, 0),
γkl(z, x, f) = (0, 0, 〈ckl, z〉fk), γ
∗
kl(z, x, f) = (〈x, fk〉ckl, 0, 0).
Here wij, vij denote the elements ηj ◦ pj(wi), ηj ◦ pj(vi) respectively and ckl, tkl denote
the elements ηl ◦ pl(ck), ηl ◦ pl(tk), where pj is the j
th projection as defined in Section 2.
Now, for 1 ≤ i, k ≤ m and 1 ≤ j, l ≤ n, the corresponding orthogonal transformations
Eαij , Eδkl, E
∗
βij
, E∗γkl and their inverses have the following form.
Eαij (z, x, f) =
(
z − 〈f, xi〉wij, x+ 〈wij, z〉xi − 〈f, xi〉q(wij)xi, f
)
,
Eδkl (z, x, f) =
(
z − 〈f, xk〉tkl, x+ 〈tkl, z〉xk − 〈f, xk〉q(tkl)xk, f
)
,
E∗βij (z, x, f) =
(
z − 〈fi, x〉vij , x, f + 〈vij , z〉fi − 〈x, fi〉q(vij)fi
)
,
E∗γkl (z, x, f) =
(
z − 〈fk, x〉ckl, x, f + 〈ckl, z〉fk − 〈x, fk〉q(ckl)fk
)
,
E−1αij (z, x, f) =
(
z + 〈f, xi〉wij, x− 〈wij, z〉xi − 〈f, xi〉q(wij)xi, f
)
,
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E−1δkl (z, x, f) =
(
z + 〈f, xk〉tkl, x− 〈tkl, z〉xk − 〈f, xk〉q(tkl)xk, f
)
,
E∗
−1
βij
(z, x, f) =
(
z + 〈fi, x〉vij, x, f − 〈vij , z〉fi − 〈x, fi〉q(vij)fi
)
,
E∗
−1
γkl
(z, x, f) =
(
z + 〈fk, x〉ckl, x, f − 〈ckl, z〉fk − 〈x, fk〉q(ckl)fk
)
.
The first (and the simplest) set of commutators which we compute is between ele-
mentary generators corresponding to two elements of HomA(Q,P ); this is given in the
following lemma.
Lemma 3.3. Let α, δ ∈ HomA(Q,P ). Then, for i, j, k, l with 1 ≤ i, k ≤ m and
1 ≤ j, l ≤ n, the commutator of the type
[
Eαij , Eδkl
]
is given by[
Eαij , Eδkl
]
(z, x, f) =
(
I + δklα
∗
ij − αijδ
∗
kl
)
(z, x, f)
=
(
z, x+ 〈f, xi〉〈tkl, wij〉xk − 〈f, xk〉〈wij, tkl〉xi, f
)
.
In particular, if i = k, then
[
Eαij , Eδkl
]
= I.
Proof. For α, δ ∈ HomA(Q,P ) and for any i, j, k, l with 1 ≤ i, k ≤ m and 1 ≤ j, l ≤ n,
using the coordinate-free definition of the elementary generators, we have[
Eαij ,Eδkl
]
(z, x, f)
= EαijEδklE
−1
αij
E−1δkl (z, x, f)
= EαijEδklE
−1
αij
((
I − δkl + δ
∗
kl −
1
2
δklδ
∗
kl
)
(z, x, f)
)
= EαijEδkl
((
I − δkl + δ
∗
kl −
1
2
δklδ
∗
kl − αij + α
∗
ij −
1
2
αijα
∗
ij − αijδ
∗
kl
)
(z, x, f)
)
= Eαij
((
I − αij + α
∗
ij −
1
2
αijα
∗
ij − αijδ
∗
kl + δklα
∗
ij
)
(z, x, f)
)
=
(
I − αijδ
∗
kl + δklα
∗
ij
)
(z, x, f).
Using coordinates, we may compute the above commutator as[
Eαij ,Eδkl
]
(z, x, f)
= EαijEδklE
−1
αij
(
z + 〈f, xk〉tkl, x− 〈tkl, z〉xk − 〈f, xk〉q(tkl)xk, f
)
= EαijEδkl
(
z + 〈f, xi〉wij + 〈f, xk〉tkl, x−
{
〈wij, z〉 + 〈f, xi〉q (wij)
+〈f, xk〉〈wij, tkl〉
}
xi −
{
〈tkl, z〉 + 〈f, xk〉q(tkl)
}
xk, f
)
= Eαij
(
z + 〈f, xi〉wij, x−
{
〈wij, z〉+ q(wij)〈f, xi〉+ 〈f, xk〉〈wij, tkl〉
}
xi
+〈f, xi〉〈tkl, wij〉xk, f
)
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=
(
z, x+ 〈f, xi〉〈tkl, wij〉xk − 〈f, xk〉〈wij, tkl〉xi, f
)
.
If i = k, then we have
δklα
∗
ij(z, x, f) =
(
0, 〈f, xi〉〈til, wij〉xi, 0
)
= αijδ
∗
kl(z, x, f).
Hence
[
Eαij , Eδil
]
= I. 
As a consequence of this lemma, we have the following commutator relations.
Corollary 3.4. For any i, j, k, l with 1 ≤ i, k ≤ m, 1 ≤ j, l ≤ n and for a, b, c, d ∈ A
with ab = cd, the following equation holds.[
Eaαij , Ebδkl
]
=
[
Ecαij , Edδkl
]
.
Proof. For α, δ ∈ HomA(Q,P ) and for any i, j, k, l with 1 ≤ i, k ≤ m, 1 ≤ j, l ≤ n and
a, b, c, d ∈ A with ab = cd, we have[
Eaαij , Ebδkl
]
= I − abαijδ
∗
kl + abδklα
∗
ij (by Lemma 3.3)
= I − cdαijδ
∗
kl + cdδklα
∗
ij =
[
Ecαij , Edδkl
]
. 
Since we will be using similar calculations to find the commutators in the rest of the
article, we will give only the final expression for the commutators.
We now compute the ‘mixed commutator’ of elementary generators corresponding
to elements of HomA(Q,P ) and HomA(Q,P
∗). The expression for the commutator
as given in the proof of the lemma below may appear complicated and we need only
its special case i 6= k. This special case can be deduced after obtaining the general
expression and specializing it.
Lemma 3.5. Let α ∈ HomA(Q,P ) and β ∈ HomA(Q,P
∗). Then, for i, j, k, l with
1 ≤ i, k ≤ m and 1 ≤ j, l ≤ n with i 6= k,[
Eαij , E
∗
βkl
]
(z, x, f) =
(
I − αijβ
∗
kl + βklα
∗
ij
)
(z, x, f)
=
(
z, x− 〈x, fk〉〈wij, vkl〉xi, f + 〈f, xi〉〈vkl, wij〉fk
)
.
Proof. For α ∈ HomA(Q,P ), β ∈ HomA(Q,P
∗) and for any i, j, k, l with 1 ≤ i, k ≤ m
and 1 ≤ j, l ≤ n with i 6= k, we have the coordinate-free expression[
Eαij ,E
∗
βkl
]
(z, x, f)
=
(
I + β∗klαij +
1
2
β∗klαijα
∗
ij + β
∗
klαijβ
∗
kl −
1
2
β∗klαijα
∗
ijβkl −
1
4
β∗klαijα
∗
ijβklβ
∗
kl
− α∗ijβkl −
1
2
α∗ijβklβ
∗
kl − α
∗
ijβklα
∗
ij + α
∗
ijβklα
∗
ijβkl −
1
2
α∗ijβklβ
∗
klαij + βklα
∗
ij
−
1
4
α∗ijβklβ
∗
klαijα
∗
ij +
1
4
α∗ijβklβ
∗
klαijα
∗
ijβkl +
1
8
α∗ijβklβ
∗
klαijα
∗
ijβklβ
∗
kl +
1
2
βklβ
∗
klαij
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− αijβ
∗
kl +
1
2
αijα
∗
ijβkl +
1
4
αijα
∗
ijβklβ
∗
kl − αijα
∗
ijβkl −
1
2
αijα
∗
ijβklβ
∗
kl +
1
4
βklβ
∗
klαijα
∗
ij
+ αijβ
∗
klαij +
1
2
αijβ
∗
klαijα
∗
ij + αijβ
∗
klαijβ
∗
kl −
1
2
αijβ
∗
klαijα
∗
ijβkl − βklα
∗
ijβkl
−
1
4
αijβ
∗
klαijα
∗
ijβklβ
∗
kl −
1
4
βklβ
∗
klαijα
∗
ijβkl −
1
8
βklβ
∗
klαijα
∗
ijβklβ
∗
kl
)
(z, x, f).
Now using coordinates, we have[
Eαij ,E
∗
βkl
]
(z, x, f)
=
(
z +
{
〈wij, z〉 + 〈x, fk〉〈wij, vkl〉+ 〈f, xi〉q(wij)− 〈x, fk〉〈fk, xi〉q(vkl)q(wij)
−〈vkl, z〉〈fk, xi〉q(wij)
}
〈xi, fk〉vkl −
{
〈vkl, z〉 + 〈x, fk〉q(vkl) + 〈xi, f〉〈vkl, wij〉
− 〈vkl, z〉〈vkl, wij〉〈xi, fk〉+ 〈xi, f〉〈xi, fk〉q(vkl)q(wij) + 〈wij , z〉〈xi, fk〉q(vkl)
− 〈vkl, z〉〈xi, fk〉
2q(vkl)q(wij)−〈x, fk〉〈xi, fk〉
2q(vkl)q(wij)
}
〈xi, fk〉wij,
x+
{
〈wij, z〉〈vkl, wij〉〈fk, xi〉 − 〈x, fk〉〈wij, vkl〉 − 〈vkl, z〉〈xi, fk〉q(wij)
− 〈x, fk〉〈xi, fk〉q(wij)q(vkl)− 〈x, fk〉〈vkl, wij〉〈fk, xi〉
2q(vkl)q(wij)
+ 〈x, fk〉〈vkl, wij〉
2〉〈xi, fk〉 − 〈wij, z〉〈xi, fk〉
2q(vkl)q(wij)
− 〈xi, f〉〈xi, fk〉
2q(vkl)q(wij)
2 + 〈vkl, z〉〈xi, fk〉
3q(vkl)q(wij)
2
+〈x, fk〉〈xi, fk〉
3q(vkl)q(wij))
2
}
xi, f +
{
〈xi, f〉〈xi, fk〉q(vkl)q(wij)
− 〈vkl, z〉〈xi, fk〉
2q(vkl)q(wij) + 〈f, xi〉〈vkl, wij〉+ 〈wij, z〉〈xi, fk〉q(vkl)
−〈x, fk〉〈xi, fk〉
2q(vkl)q(wij)− 〈vkl, z〉〈vkl, wij〉〈xi, fk〉
}
fk
)
.
In the special case when i 6= k, using the fact that 〈xi, fk〉 = 0, we obtain[
Eαij , E
∗
βkl
]
(z, x, f) =
(
z, x− 〈x, fk〉〈wij, vkl〉xi, f + 〈f, xi〉〈vkl, wij〉fk
)
.
Now αijβ
∗
kl(z, x, f) =
(
0, 〈x, fk〉〈wij, vkl〉xi, 0
)
, βklα
∗
ij(z, x, f) =
(
0, 0, 〈f, xi〉〈vkl, wij〉fk
)
.
Hence if i 6= k, then[
Eαij , E
∗
βkl
]
(z, x, f) =
(
z, x− 〈x, fk〉〈wij, vkl〉xi, f + 〈f, xi〉〈vkl, wij〉fk
)
=
(
I − αijβ
∗
kl + βklα
∗
ij
)
(z, x, f). 
The following corollary lists the resultant commutator relations from the above
lemma.
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Corollary 3.6. For any i, j, k, l with 1 ≤ i, k ≤ m, 1 ≤ j, l ≤ n, i 6= k and for
a, b, c, d ∈ A with ab = cd, the following equation holds.[
Eaαij , E
∗
bβkl
]
=
[
Ecαij , E
∗
dβkl
]
.
The lemma below computes the commutator of elementary generators corresponding
to two elements of HomA(Q,P
∗).
Remark 3.7. For any i, j, k, l with 1 ≤ i, k ≤ m, 1 ≤ j, l ≤ n and i 6= k, the
commutator
[
Eαij , E
∗
βkl
]
−1
is given by[
Eαij , E
∗
βkl
]
−1
(z, x, f) =
(
z, x+ 〈x, fk〉〈wij, vkl〉xi, f − 〈f, xi〉〈vkl, wij〉fk
)
=
(
I + αijβ
∗
kl − βklα
∗
ij
)
(z, x, f)
=
[
E∗βkl, Eαij
]
(z, x, f).
Lemma 3.8. Let β, γ ∈ HomA(Q,P
∗). Then, for i, j, k, l with 1 ≤ i, k ≤ m and
1 ≤ j, l ≤ n, the commutator [E∗βij , E
∗
γkl
] is given by[
E∗βij , E
∗
γkl
]
(z, x, f) =
(
I + γklβ
∗
ij − βijγ
∗
kl
)
(z, x, f)
=
(
z, x, f + 〈x, fi〉〈ckl, vij〉fk − 〈x, fk〉〈vij, ckl〉fi
)
.
In particular, if i = k, then [E∗βij , E
∗
γkl
] = I.
Proof. For β, γ ∈ HomA(Q,P
∗) and for any i, j, k, l with 1 ≤ i, k ≤ m and 1 ≤ j, l ≤ n,
we have the coordinate-free expression[
E∗βij , E
∗
γkl
]
(z, x, f) = E∗βijE
∗
γkl
E∗−1βij E
∗−1
γkl
(z, x, f)
=
(
I − βijγ
∗
kl + γklβ
∗
ij
)
(z, x, f).
Using coordinates, we have[
E∗βij , E
∗
γkl
]
=
(
z, x, f + 〈x, fi〉〈ckl, vij〉fk − 〈x, fk〉〈vij, ckl〉fi
)
.
If i = k, then
γklβ
∗
ij(z, x, f) =
(
0, 0, 〈x, fi〉〈ckl, vij〉fk − 〈x, fk〉〈vij, ckl〉fi
)
= βijγ
∗
kl(z, x, f).
Hence
[
E∗βij , E
∗
γil
]
= I. 
Immediately, we deduce the following commutator relations.
Corollary 3.9. For any i, j, k, l with 1 ≤ i, k ≤ m, 1 ≤ j, l ≤ n and for a, b, c, d ∈ A
with ab = cd, the following equation holds.[
E∗aβij , E
∗
bγkl
]
=
[
E∗cβij , E
∗
dγkl
]
.
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Remark 3.10. In the following sections, we will prove more complicated commutator
relations of lengths 10 and 16; we will show how the indices may be specialized so that
the commutator is non-trivial.
4. Triple Commutators
In this section, we prove certain triple commutator relations among the elementary
generators of Roy’s elementary orthogonal group. We start with a commutator of length
10 which involves a commutator of elementary generators corresponding to two elements
of HomA(Q,P ).
Lemma 4.1. Let α, δ ∈ HomA(Q,P ) and β ∈ HomA(Q,P
∗). Then, for i, j, k, l, p, q
with 1 ≤ i, k, p ≤ m, 1 ≤ j, l, q ≤ n and k 6= p, the triple commutator
[
E∗βij ,
[
Eαkl, Eδpq
]]
is given by
[
E∗βij ,
[
Eαkl, Eδpq
]]
=


Eλkj
[
E∗βij , Eλkj
2
]
if i = p,
Eξpj
[
E∗βij , E ξpj
2
]
if i = k,
I if i 6= p and i 6= k,
where λkj = αklδ
∗
pqβij and ξpj = −δpqα
∗
klβij.
Proof. For α, δ ∈ HomA(Q,P ), β ∈ HomA(Q,P
∗) and for i, j, k, l, p, q with 1 ≤ i, k, p ≤
m, 1 ≤ j, l, q ≤ n and k 6= p, we have[
Eαkl , Eδpq
]
(z, x, f) =
(
I + δpqα
∗
kl − αklδ
∗
pq
)
(z, x, f)
=
(
z, x+ 〈f, xk〉〈tpq, wkl〉xp − 〈f, xp〉〈tpq, wkl〉xk, f
)
.
(by Lemma 3.3)[
Eαkl , Eδpq
]
−1
(z, x, f) =
[
Eδpq , Eαkl
]
(z, x, f) =
(
I − δpqα
∗
kl + αklδ
∗
pq
)
(z, x, f)
=
(
z, x− 〈f, xk〉〈tpq, wkl〉xp + 〈f, xp〉〈tpq, wkl〉xk, f
)
.
(by Lemma 3.3)
Hence we get the coordinate-free expressions[
E∗βij ,
[
Eαkl , Eδpq
]
] (z, x, f)
= E∗βij
[
Eαkl , Eδpq
]
E∗
−1
βij
[
Eαkl , Eδpq
]
−1
(z, x, f)
=
(
I + β∗ijαklδ
∗
pq −
1
2
αklδ
∗
pqβijβ
∗
ijδpqα
∗
kl +
1
2
βijβ
∗
ijαklδ
∗
pq +
1
2
αklδ
∗
pqβijβ
∗
ij
−
1
2
δpqα
∗
klβijβ
∗
ijαklδ
∗
pq + αklδ
∗
pqβij +
1
2
δpqα
∗
klβijβ
∗
ijδpqα
∗
kl −
1
2
βijβ
∗
ijδpqα
∗
kl
− δpqα
∗
klβij − β
∗
ijδpqα
∗
kl −
1
2
δpqα
∗
klβijβ
∗
ij+
1
2
αklδ
∗
pqβijβ
∗
ijαklδ
∗
pq
)
(z, x, f). (2)
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On computing using coordinates, we get[
E∗βij ,
[
Eαkl , Eδpq
]
] (z, x, f)
=
(
z +
{
〈f, xp〉〈xk, fi〉 − 〈f, xk〉〈xp, fi〉
}
〈tpq, wkl〉vij, x−
{
〈vij , z〉
+ 〈fi, xk〉〈f, xp〉〈tpq, wkl〉q(vij)− 〈fi, xp〉〈f, xk〉〈tpq, wkl〉q(vij)
+〈x, fi〉q(vij)
}
〈fi, xk〉〈tpq, wkl〉xp +
{
〈fi, xk〉〈f, xp〉〈tpq, wkl〉q(vij)
+〈vij, z〉 + 〈fi, x〉q(vij)− 〈f, xk〉〈fi, xp〉〈tpq, wkl〉q(vij)
}
〈fi, xp〉〈tpq, wkl〉xk,
f +
{
〈f, xp〉〈fi, xk〉 − 〈f, xk〉〈fi, xp〉
}
〈tpq, wkl〉q(vij)fi
)
. (3)
Now, for λkj = αklδ
∗
pqβij as in the statement, we can describe the maps λkj, λ
∗
kj,
1
2
λkjλ
∗
kj
and the elementary transformation Eλkj as
λkj(z, x, f) = αklδ
∗
pqβij(z, x, f) =
(
0, 〈vij, z〉〈fi, xp〉〈wkl, tpq〉xk, 0
)
,
λ∗kj(z, x, f) = β
∗
ijδpqα
∗
kl(z, x, f) =
(
〈f, xk〉〈tpq, wkl〉〈xp, fi〉vij , 0, 0
)
,
1
2
λkjλ
∗
kj(z, x, f) =
(
0, 〈f, xk〉〈fi, xp〉
2〈wkl, tpq〉
2q(vij)xk, 0
)
,
Eλkj (z, x, f) =
(
I + λkj − λ
∗
kj −
1
2
λkjλ
∗
kj
)
(z, x, f)
=
(
z − 〈f, xk〉〈fi, xp〉〈wkl, tpq〉vij , x+
{
〈vij, z〉
−〈f, xk〉〈fi, xp〉〈wkl, tpq〉q(vij)
}
xk, f
)
.
If i 6= k, then, by Remark 3.7, we have[
E∗βij , Eλkj
2
]
(z, x, f) =
[
Eλkj
2
, E∗βij
]
−1
(z, x, f) =
(
I −
1
2
βijλ
∗
kj +
1
2
λkjβ
∗
ij
)
(z, x, f)
=
(
z, x+ 〈x, fi〉〈fi, xp〉〈wkl, tpq〉q(vij)xk, f
−〈f, xk〉〈fi, xp〉〈wkl, tpq〉q(vij)fi
)
and hence we get
Eλkj
[
E∗βij , Eλkj
2
]
(z, x, f)
=
(
I + λkj − λ
∗
kj −
1
2
λkjλ
∗
kj −
1
2
βijλ
∗
kj +
1
2
λkjβ
∗
ij
)
(z, x, f)
=
(
z − 〈f, xk〉〈xp, fi〉〈tpq, wkl〉vij , x+
{
〈fi, x〉q(vij) + 〈vij, z〉
− 〈f, xk〉〈fi, xp〉〈tpq, wkl〉q(vij)
}
〈tpq, wkl〉〈fi, xp〉xk,
f − 〈f, xk〉〈fi, xp〉〈tpq, wkl〉q(vij)fi
)
. (4)
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Similarly, if i 6= p, we have
Eξpj
[
E∗βij , E ξpj
2
]
(z, x, f)
=
(
I + ξpj − ξ
∗
pj −
1
2
ξpjξ
∗
pj −
1
2
βijξ
∗
pj +
1
2
ξpjβ
∗
ij
)
(z, x, f)
=
(
z − 〈f, xk〉〈xp, fi〉〈tpq, wkl〉vij , x+
{
〈fi, x〉q(vij)
− 〈f, xk〉〈fi, xp〉〈tpq, wkl〉q(vij)+〈vij , z〉
}
〈tpq, wkl〉
〈fi, xp〉xk, f − 〈f, xk〉〈fi, xp〉〈tpq, wkl〉q(vij)fi
)
. (5)
We now consider the following possible conditions on the indices.
Case (i): i = p.
If i = p, then, by Equations (3), (2), and (4), we have[
E∗βij ,
[
Eαkl , Eδpq ]
]
(z, x, f)
=
(
I − β∗pjδpqα
∗
kl + αklδ
∗
pqβpj +
1
2
αklδ
∗
pqβpjβ
∗
pj −
1
2
βpjβ
∗
pjδpqα
∗
kl
−
1
2
αklδ
∗
pqβpjβ
∗
pjδpqα
∗
kl
)
(z, x, f)
=
(
z − 〈f, xk〉〈tpq, wkl〉vpj, x+
{
〈vpj, z〉 − 〈f, xk〉〈tpq, wkl〉q(vpj)
+〈fp, x〉q(vpj)
}
〈tpq, wkl〉xk, f − 〈f, xk〉〈tpq, wkl〉q(vpj)fp
)
= Eλkj
[
E∗βij , Eλkj
2
]
(z, x, f).
Case (ii): i = k.
If i = k, then, by Equations (3), (2), and (5), we have[
E∗βij ,
[
Eαkl , Eδpq
]
] (z, x, f)
=
(
I + β∗kjαklδ
∗
pq +
1
2
βkjβ
∗
kjαklδ
∗
pq −
1
2
δpqα
∗
klβkjβ
∗
kj − δpqα
∗
klβkj
−
1
2
δpqα
∗
klβkjβ
∗
kjαklδ
∗
pq
)
(z, x, f)
=
(
z + 〈f, xp〉〈tpq, wkl〉vkj, x−
{
〈vkj, z〉+ 〈f, xp〉〈tpq, wkl〉q(vkj)
+〈x, fk〉q(vkj)
}
〈tpq, wkl〉xp, f + 〈f, xp〉〈tpq, wkl〉q(vkj)fk
)
= Eξpj
[
E∗βkj , E ξpj
2
]
(z, x, f).
Case(iii): i 6= k and i 6= p.
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If i 6= k and i 6= p, then, by Equation (3), we have[
E∗βij ,
[
Eαkl , Eδpq
]]
(z, x, f) = I(z, x, f). 
As a consequence of the above lemma on triple commutators, we observe the following
commutator relations.
Corollary 4.2. For any i, j, k, l, p, q with 1 ≤ i, k, p ≤ m, 1 ≤ j, l, q ≤ n, i 6= k and
k 6= p and a, b, c, d, e, f ∈ A with abc = def and a2bc = d2ef , the following equation
holds. [
E∗aβij ,
[
Ebαkl , Ecδpq
]]
=
[
E∗dβij ,
[
Eeαkl , Efδpq
]]
.
Proof. For any i, j, k, l, p, q with 1 ≤ i, k, p ≤ m, 1 ≤ j, l, q ≤ n, i 6= k and k 6= p and
a, b, c, d, e, f ∈ A with abc = def and a2bc = d2ef , we have[
E∗aβij ,
[
Ebαkl , Ecδpq
]]
(z, x, f) =
(
I − a2bcβ∗ijδpqα
∗
kl + abcαklδ
∗
pqβij +
1
2
a2bcαklδ
∗
pqβijβ
∗
ij
−
1
2
a2bcβijβ
∗
ijδpqα
∗
kl −
1
2
a2b2c2αklδ
∗
pqβijβ
∗
ijδpqα
∗
kl
)
(z, x, f)
=
(
I − d2efβ∗ijδpqα
∗
kl + defαklδ
∗
pqβij +
1
2
d2efαklδ
∗
pqβijβ
∗
ij
−
1
2
d2efβijβ
∗
ijδpqα
∗
kl −
1
2
d2e2f 2αklδ
∗
pqβijβ
∗
ijδpqα
∗
kl
)
(z, x, f)
=
[
E∗dβij ,
[
Eeαkl , Efδpq
]]
(z, x, f). 
The following lemma on triple commutators involves a mixed commutator.
Lemma 4.3. Let α, δ ∈ HomA(Q,P ) and β ∈ HomA(Q,P
∗). Then, for i, j, k, l, p, q
with 1 ≤ i, k, p ≤ m, 1 ≤ j, l, q ≤ n and k 6= p, the triple commutator
[
Eαij ,
[
Eδkl , E
∗
βpq
]]
is given by
[
Eαij ,
[
Eδkl, E
∗
βpq
]]
=


Eµkj
[
Eαij , Eµkj
2
]
, if i = p,
I if i = k or i 6= p,
where µkj = δklβ
∗
pqαij.
Proof. For α, δ ∈ HomA(Q,P ) and β ∈ HomA(Q,P
∗) and for any i, j, k, l, p, q with
1 ≤ i, k, p ≤ m, 1 ≤ j, l, q ≤ n and k 6= p, we have the coordinate-free expressions[
Eαij ,
[
Eδkl, E
∗
βpq
]
] (z, x, f)
=
(
I + δklβ
∗
pqαij + α
∗
ijβpqδ
∗
klβpqδ
∗
kl − βpqδ
∗
klβpqδ
∗
kl − δklβ
∗
pqδklβ
∗
pq −
1
2
δklβ
∗
pqαijα
∗
ijβpqδ
∗
kl
− α∗ijβpqδ
∗
kl +
1
2
αijα
∗
ijβpqδ
∗
klβpqδ
∗
kl −
1
2
αijα
∗
ijβpqδ
∗
kl +
1
2
δklβ
∗
pqαijα
∗
ij
)
(z, x, f)
)
.
(6)
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Now if we use coordinates, we obtain[
Eαij ,
[
Eδkl, E
∗
βpq
]
] (z, x, f)
=
(
z − 〈f, xk〉〈tkl, vpq〉〈fp, xi〉wij, x+
{
〈f, xi〉q(wij) + 〈wij, z〉
−〈f, xk〉〈tkl, vpq〉〈xi, fp〉q(wij)
}
〈tkl, vpq〉〈xi, fp〉xk
− 〈f, xk〉〈tkl, vpq〉〈xi, fp〉q(wij)xi, f
)
. (7)
The maps µkj, µ
∗
kj,
1
2
µkjµ
∗
kj and the elementary transformation E
∗
µkj
are given by the
following expressions.
µkj(z, x, f) = δklβ
∗
pqαij(z, x, f) = (0, 〈wij, z〉〈tkl, vpq〉〈xi, fp〉xk, 0),
µ∗kj(z, x, f) = α
∗
ijβpqδ
∗
kl(z, x, f) = (〈f, xk〉〈tkl, vpq〉〈xi, fp〉wij, 0, 0),
1
2
µkjµ
∗
kj(z, x, f) = (0, 〈f, xk〉〈tkl, vpq〉
2〈xi, fp〉
2q(wij)xk, 0),
E∗µkj (z, x, f) =
(
I + µkj − µ
∗
kj −
1
2
µkjµ
∗
kj
)
(z, x, f)
= (z − 〈f, xk〉〈tkl, vpq〉〈xi, fp〉wij, x+ 〈wij , z〉〈tkl, vpq〉〈xi, fp〉xk
− 〈f, xk〉〈tkl, vpq〉
2〈xi, fp〉
2q(wij)xk, f ).
If i 6= k, then, by Lemma 3.3, we have[
Eαij , Eµkj
2
]
(z, x, f)
=
(
I +
1
2
µkjα
∗
ij −
1
2
αijµ
∗
kj
)
(z, x, f)
=
(
z, x + 〈f, xi〉〈tkl, vpq〉〈xi, fp〉q(wij)xk − 〈f, xk〉〈tkl, vpq〉〈xi, fp〉q(wij)xi, f
)
and hence we get
Eµkj
[
Eαij , Eµkj
2
]
(z, x, f)
=
(
I + µkj − µ
∗
kj −
1
2
µkjµ
∗
kj +
1
2
µkjα
∗
ij −
1
2
αijµ
∗
kj
)
(z, x, f)
=
(
z − 〈f, xk〉〈tkl, vpq〉〈xi, fp〉wij, x+
{
〈f, xi〉q(wij) + 〈wij, z〉
− 〈f, xk〉〈tkl, vpq〉〈xi, fp〉q(wij)
}
〈tkl, vpq〉〈xi, fp〉xk
−〈f, xk〉〈tkl, vpq〉〈xi, fp〉q(wij)xi, f
)
. (8)
We now consider the following possible conditions on the indices.
Case(i): i = p.
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If i = p, then, by Equations (7), (6) and (8), we have[
Eαij ,
[
Eδkl , E
∗
βpq
]
] (z, x, f)
=
(
I − α∗ijβpqδ
∗
kl + δklβ
∗
pqαij +
1
2
δklβ
∗
pqαijα
∗
ij −
1
2
δklβ
∗
pqαijα
∗
ijβpqδ
∗
kl
−
1
2
αijα
∗
ijβpqδ
∗
kl +α
∗
ijβpqδ
∗
klβpqδ
∗
kl
)
(z, x, f)
=
(
z − 〈f, xk〉〈tkl, vpq〉wij, x+ 〈wij, z〉〈tkl, vpq〉xk + 〈f, xi〉〈tkl, vpq〉q(wij)xk
− 〈f, xk〉〈tkl, vpq〉q(wij)xi−〈f, xk〉〈tkl, vpq〉
2q(wij)xk, f
)
= Eµkj
[
Eαij , Eµkj
2
]
(z, x, f).
Case(ii): i = k or i 6= p.
If i = k or i 6= p, then, by Equation (7), we have[
Eαij ,
[
Eδkl , E
∗
βpq
]]
(z, x, f) = I(z, x, f). 
We now deduce the commutator identities from the above lemma.
Corollary 4.4. For any i, j, k, l, p, q with 1 ≤ i, k, p ≤ m, 1 ≤ j, l, q ≤ n, i 6= p and
k 6= p and a, b, c, d, e, f ∈ A with abc = def and a2bc = d2ef , the following equation
holds. [
Eaαij ,
[
Ebδkl , E
∗
cβpq
]]
=
[
Edαij ,
[
Eeδkl , E
∗
fβpq
]]
.
Lemma 4.5. Let α ∈ HomA(Q,P ) and β, γ ∈ HomA(Q,P
∗). Then, for i, j, k, l, p, q
with 1 ≤ i, k, p ≤ m, 1 ≤ j, l, q ≤ n and k 6= p, the triple commutator
[
E∗βij ,
[
Eαkl, E
∗
γpq
]]
is given by
[
E∗βij ,
[
Eαkl , E
∗
γpq
]]
=


E∗νpj
[
E∗βij , E
∗
νpj
2
]
, if i = p,
I if i = k or i 6= p,
where νpj = −γpqα
∗
klβij.
Proof. For α ∈ HomA(Q,P ), β, γ ∈ HomA(Q,P
∗) and, for i, j, k, l, p, q with 1 ≤ i, k, p ≤
m, 1 ≤ j, l, q ≤ n and k 6= p, we have the following coordinate-free expression.[
E∗βij ,
[
Eαkl, E
∗
γpq
]]
(z, x, f)
= E∗βij
[
Eαkl, E
∗
γpq
]
E∗
−1
βij
[
Eαkl , E
∗
γpq
]
−1
(z, x, f)
=
(
I + β∗ijαklγ
∗
pq − γpqα
∗
klβij −
1
2
γpqα
∗
klβijβ
∗
ij +
1
2
βijβ
∗
ijαklγ
∗
pq
−
1
2
γpqα
∗
klβijβ
∗
ijαklγ
∗
pq
)
(z, x, f) (9)
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Now, by computing using coordinates, we have[
E∗βij ,
[
Eαkl , E
∗
γpq
]]
=
(
z + 〈x, fp〉〈cpq, wkl〉〈xk, fi〉vij , x, f −
{
〈x, fp〉〈cpq, wkl〉〈xk, fi〉q(vij) + 〈vij , z〉
+〈x, fi〉q(vij)
}
〈cpq, wkl〉〈xk, fi〉fp+〈x, fp〉〈cpq, wkl〉〈xk, fi〉q(vij)fi
)
. (10)
The maps νpj in the statement of the lemma, as well as the other maps ν
∗
pj,
1
2
νpjν
∗
pj and
the transformations E∗νpj are given as
νpj(z, x, f) =− γpqα
∗
klβij(z, x, f) =
(
0, 0,−〈vij, z〉〈cpq, wkl〉〈fi, xp〉fk
)
,
ν∗pj(z, x, f) =− β
∗
ijαpqγ
∗
kl(z, x, f) =
(
−〈x, fp〉〈cpq, wkl〉〈fi, xk〉vij, 0, 0
)
,
1
2
νpjν
∗
pj(z, x, f) =
(
0, 0, 〈x, fp〉〈cpq, wkl〉
2〈fi, xk〉
2q(vij)fp
)
,
E∗νpj (z, x, f) =
(
I + νpj − ν
∗
pj −
1
2
νpjν
∗
pj
)
(z, x, f)
=
(
z + 〈x, fp〉〈cpq, wkl〉〈xk, fi〉vij, x, f − 〈vij, z〉〈cpq, wkl〉〈xk, fi〉fp
−〈x, fp〉〈cpq, wkl〉
2〈xk, fi〉
2q(vij)fp
)
.
If i 6= p, then, by Lemma 3.8, we have[
E∗βij , E
∗
νpj
2
]
(z, x, f) =
(
I +
1
2
νpjβ
∗
ij −
1
2
βijν
∗
pj
)
(z, x, f)
=
(
z, x, f + 〈x, fp〉〈cpq, wkl〉〈xk, fi〉q(vij)fi
− 〈x, fi〉〈cpq, wkl〉〈xk, fi〉q(vij)fp
)
and hence we get
E∗νpj
[
E∗βij , E
∗
νpj
2
]
(z, x, f) =
(
I + νpj − ν
∗
pj −
1
2
νpjν
∗
pj +
1
2
νpjβ
∗
ij −
1
2
βijν
∗
pj
)
(z, x, f)
=
(
z + 〈x, fp〉〈cpq, wkl〉〈xk, fi〉vij, x, f −
{
〈x, fi〉q(vij
+ 〈vij, z〉+ 〈x, fp〉〈cpq, wkl〉〈xk, fi〉q(vij)
}
〈cpq, wkl〉
〈xk, fi〉fp + 〈x, fp〉〈cpq, wkl〉〈xk, fi〉q(vij)fi
)
. (11)
We now consider the following possible conditions on the indices.
Case(i): i = k.
If i = k, then, by Equations (10), (9) and (11), we have[
E∗βij ,
[
Eαkl , E
∗
γpq
]]
(z, x, f)
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=
(
I + β∗ijαklγ
∗
pq − γpqα
∗
klβij −
1
2
γpqα
∗
klβijβ
∗
ij +
1
2
βijβ
∗
ijαklγ
∗
pq
−
1
2
γpqα
∗
klβijβ
∗
ijαklγ
∗
pq
)
(z, x, f)
=
(
z + 〈x, fp〉〈cpq, wkl〉vij, x, f − 〈vij , z〉〈cpq, wkl〉fp + 〈x, fp〉〈cpq, wkl〉q(vij)fi
− 〈x, fp〉〈cpq, wkl〉
2q(vij)fp−〈x, fi〉〈cpq, wkl〉q(vij)fp
)
= E∗νpj
[
E∗βij , E
∗
νpj
2
]
(z, x, f).
Case(ii): i = p or i 6= k.
If i = k or i 6= p, then, by Equation (7), we have[
E∗βij ,
[
Eαkl , E
∗
γpq
]]
(z, x, f) = I(z, x, f). 
The set of commutator relations we deduce from the above lemma is given in the
corollary below.
Corollary 4.6. For any given i, j, k, l, p, q, where 1 ≤ i, k, p ≤ m, 1 ≤ j, l, q ≤ n such
that i 6= k and k 6= p and a, b, c, d, e, f ∈ A,
[
E∗aβij ,
[
E∗bγkl , Ecαpq
]]
=
[
E∗dβij ,
[
E∗eγkl , Efαpq
]]
if abc = def and a2bc = d2ef .
Finally, another triple commutator is computed in the following lemma and the com-
mutator relations which follow from this are stated in the corollary below this lemma.
Lemma 4.7. Let α ∈ HomA(Q,P ) and β, γ ∈ HomA(Q,P
∗). Then, for i, j, k, l, p, q
with 1 ≤ i, k, p ≤ m, 1 ≤ j, l, q ≤ n and k 6= p, the triple commutator
[
Eαij ,
[
E∗βkl, E
∗
γpq
]]
is given by
[
Eαij ,
[
E∗βkl, E
∗
γpq
]]
=


E∗ηkj
[
Eαij , E
∗
ηkj
2
]
if i = p,
E∗ϑpj
[
Eαij , E
∗
ϑpj
2
]
if i = k,
I if i 6= p and i 6= k,
where ηkj = βklγ
∗
pqαij and ϑpj = γpqβ
∗
klαij.
Proof. For α ∈ HomA(Q,P ), β, γ ∈ HomA(Q,P
∗) and for i, j, k, l, p, q with 1 ≤ i, k, p ≤
m, 1 ≤ j, l, q ≤ n and k 6= p, we have[
E∗βkl, E
∗
γpq
]
(z, x, f) =
(
I + γpqβ
∗
kl − βklγ
∗
kl
)
(z, x, f)
=
(
z, x, f + 〈x, fk〉〈cpq, vkl〉fp − 〈x, fp〉〈vkl, cpq〉fk
)
.
(by Lemma 3.8)[
E∗βkl, E
∗
γpq
]
−1
(z, x, f) =
[
E∗γpq , E
∗
βkl
]
(z, x, f) =
(
I − γpqβ
∗
kl + βklγ
∗
pq
)
(z, x, f)
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=
(
z, x, f − 〈x, fk〉〈cpq, vkl〉fp + 〈x, fp〉〈vkl, cpq〉fk
)
.
(by Lemma 3.8)
Hence we get[
Eαij ,
[
E∗βkl, E
∗
γpq
]]
(z, x, f)
=
(
I + α∗ijβklγ
∗
pq − α
∗
ijγpqβ
∗
kl +
1
2
γpqβ
∗
klαijα
∗
ijγpqβ
∗
kl −
1
2
γpqβ
∗
klαijα
∗
ijβklγ
∗
pq
+
1
2
αijα
∗
ijβklγ
∗
pq −
1
2
αijα
∗
ijγpqβ
∗
kl + βklγ
∗
pqαij −
1
2
γpqβ
∗
klαijα
∗
ij − γpqβ
∗
klαij
−
1
2
βklγ
∗
pqαijα
∗
ijγpqβ
∗
kl +
1
2
βklγ
∗
pqαijα
∗
ij+
1
2
βklγ
∗
pqαijα
∗
ijβklγ
∗
pq
)
(z, x, f). (12)
Computing with coordinates, we get[
Eαij ,
[
E∗βkl, E
∗
γpq
]]
(z, x, f)
=
(
z +
{
〈x, fp〉〈xi, fk〉 − 〈x, fk〉〈xi, fp〉
}
〈cpq, vkl〉wij, x+
{
〈x, fp〉〈xi, fk〉
−〈x, fk〉〈xi, fp〉
}
〈cpq, vkl〉q(wij)xi, f +
{
〈wij, z〉+ 〈f, xi〉q(wij)q(wij)
− 〈x, fk〉〈cpq, vkl〉〈xi, fp〉 − 〈x, fp〉〈cpq, vkl〉〈xi, fk〉q(wij)
}
〈xi, fp〉〈cpq, vkl〉fk
+
{
〈x, fk〉〈cpq, vkl〉〈xi, fp〉q(wij)− 〈wij, z〉 − 〈x, fp〉〈cpq, vkl〉〈xi, fk〉q(wij)
−〈f, xi〉q(wij)
}
〈xi, fk〉〈cpq, vkl〉fp
)
. (13)
The transformations ηkj, η
∗
kj,
1
2
ηkjη
∗
kj and E
∗
ηkj
are given by
ηkj(z, x, f) = βklγ
∗
pqαij(z, x, f) =
(
0, 0, 〈wij, z〉〈cpq, vkl〉〈fp, xi〉fk
)
,
η∗kj(z, x, f) = α
∗
ijγpqβ
∗
kl(z, x, f) =
(
〈x, fk〉〈cpq, vkl〉〈fp, xi〉wij, 0, 0
)
,
1
2
ηkjη
∗
kj(z, x, f) =
(
0, 0, 〈x, fk〉〈ckl, wpq〉
2〈fp, xi〉
2q(wij)fk
)
,
E∗ηkj (z, x, f) =
(
z − 〈x, fk〉〈cpq, vkl〉〈xi, fp〉wij, x, f + 〈wij, z〉〈cpq, vkl〉〈xi, fp〉fk
−〈x, fk〉〈cpq, vkl〉
2〈xi, fp〉
2q(wij)fk
)
.
If i 6= k, then, by Lemma 3.5, we have
[Eαij , E
∗
ηkj
2
](z, x, f) =
(
I +
1
2
ηkjα
∗
ij −
1
2
αijη
∗
kj
)
(z, x, f)
=
(
z, x− 〈x, fk〉〈cpq, vkl〉〈xi, fp〉q(wij)xi,
f + 〈f, xi〉〈cpq, vkl〉〈xi, fp〉q(wij)fk
)
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and hence we get
E∗ηkj [Eαij , E
∗
ηkj
2
](z, x, f)
=
(
I + ηkj − η
∗
kj −
1
2
ηkjη
∗
kj +
1
2
ηkjα
∗
ij −
1
2
αijη
∗
kj
)
(z, x, f)
=
(
z − 〈x, fk〉〈cpq, vkl〉〈xi, fp〉wij, x− 〈x, fk〉〈cpq, vkl〉〈xi, fp〉q(wij)xi, f +
{
〈wij, z〉
+ 〈f, xi〉q(wij)− 〈x, fk〉〈cpq, vkl〉〈xi, fp〉q(wij)
}
〈cpq, vkl〉〈xi, fp〉fk
)
. (14)
Similarly, if i 6= p, then we have
E∗ϑpj
[
Eαij , E
∗
ϑpj
2
]
(z, x, f)
=
(
I + ϑpj − ϑ
∗
pj −
1
2
ϑpjϑ
∗
pj −
1
2
αijϑ
∗
pj +
1
2
ϑpjα
∗
ij
)
(z, x, f)
=
(
z + 〈x, fp〉〈cpq, vkl〉〈xi, fk〉wij, x− 〈x, fp〉〈cpq, vkl〉〈xi, fk〉q(wij)xi, f −
{
〈wij, z〉
− 〈f, xi〉q(wij)− 〈x, fp〉〈cpq, vkl〉〈xi, fk〉q(wij)
}
〈xi, fk〉〈cpq, vkl〉fp
)
. (15)
We now consider the following possible conditions on the indices.
Case(i): i = p.
If i = p, then, by Equations (13), (12), and (14), we have[
Eαij ,
[
E∗βkl, E
∗
γpq
]]
(z, x, f)
=
(
I − α∗pjγpqβ
∗
kl −
1
2
αpjα
∗
pjγpqβ
∗
kl + βklγ
∗
pqαpj +
1
2
βklγ
∗
pqαpjα
∗
pj
−
1
2
βklγ
∗
pqαpjα
∗
pjγpqβ
∗
kl
)
(z, x, f)
=
(
z − 〈x, fk〉〈cpq, vkl〉wpj, x− 〈x, fk〉〈cpq, vkl〉q(wpj)xp,
f +
{
〈wpj, z〉+ 〈f, xp〉q(wpj)− 〈x, fk〉〈cpq, vkl〉q(wpj)
}
〈cpq, vkl〉fk
)
= E∗ηkj
[
Eαij , E
∗
ηkj
2
]
(z, x, f).
Case(ii): i = k.
If i = k, then, by Equations (13), (12), and (15), we have[
Eαij ,
[
E∗βkl, E
∗
γpq
]
]
(z, x, f)
=
(
I − γpqβ
∗
klαkj + α
∗
kjβklγ
∗
pq +
1
2
αkjα
∗
kjβklγ
∗
pq −
1
2
γpqβ
∗
klαkjα
∗
kj
−
1
2
γpqβ
∗
klαkjα
∗
kjβklγ
∗
pq
)
(z, x, f)
=
(
z + 〈x, fp〉〈cpq, vkl〉wkj, x+ 〈x, fp〉〈cpq, vkl〉q(wkj)xk,
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f −
{
〈wkj, z〉 + 〈f, xk〉q(wkj) + 〈x, fp〉〈cpq, vkl〉q(wkj)
}
〈cpq, vkl〉fp
)
.
Case(iii): i 6= p and i 6= k.
If i 6= p, then, by Equation (13), we have[
Eαij ,
[
E∗βkl, E
∗
γpq
]]
(z, x, f) = I(z, x, f). 
Corollary 4.8. For any i, j, k, l, p, q with 1 ≤ i, k, p ≤ m, 1 ≤ j, l, q ≤ n, i 6= k and
k 6= p and a, b, c, d, e, f ∈ A with abc = def and a2bc = d2ef , the following equation
holds. [
Eaαij ,
[
E∗bβkl, E
∗
cγpq
]]
=
[
Edαij ,
[
E∗eβkl, E
∗
fγpq
]]
.
5. Multiple Commutators
In this section, we establish some four-fold commutator formulae using coordinate-
free method.
Lemma 5.1. Let α ∈ HomA(Q,P ) and β, γ, µ ∈ HomA(Q,P
∗). Then, for i, j, k, l, r, s, p, q
with 1 ≤ i, k, r, p ≤ m, 1 ≤ j, l, s, q ≤ n, i 6= k and r 6= p, the four-fold commutator[
[E∗βij , E
∗
γkl
], [Eαrs, E
∗
µpq
]
]
is given by
[
[E∗βij , E
∗
γkl
], [Eαrs , E
∗
µpq
]
]
=


[
E∗µpqα∗rs, E
∗
βijγ
∗
kl
]
if k = r,[
E∗γklβ∗ij
, E∗µpqα∗rs
]
if i = r,
I otherwise .
Proof. If i 6= k, then, by Lemma 3.8, we have
[E∗βij , E
∗
γkl
](z, x, f) = (I + γklβ
∗
ij − βijγ
∗
kl)(z, x, f).
If r 6= p, then, by Lemma 3.5, we have
[Eαrs , E
∗
µpq
](z, x, f) = (I + µpqα
∗
rs − αrsµ
∗
pq)(z, x, f).
Now if i 6= k and r 6= p, then we get[
[E∗βij , E
∗
γkl
], [Eαrs , E
∗
µpq
]
]
(z, x, f)
= (I − γklβ
∗
ijαrsµ
∗
pq − µpqα
∗
rsγklβ
∗
ij + βijγ
∗
klαrsµ
∗
pq + µpqα
∗
rsβijγ
∗
kl)(z, x, f)
=
[
E∗µpqα∗rs, E
∗
βijγ
∗
kl
] [
E∗γklβ∗ij , E
∗
µpqα∗rs
]
(z, x, f). (16)
Now if k = r, then Equation (16) becomes
[
E∗µpqα∗rs , E
∗
βijγ
∗
kl
]
(z, x, f) and in particular[
E∗µpqα∗rs, E
∗
βijγ
∗
kl
]
(z, x, f) = I(z, x, f) if i = p,
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and if i = r, then Equation (16) becomes
[
E∗γklβ∗ij
, E∗µpqα∗rs
]
(z, x, f) and in particular[
E∗γklβ∗ij
, E∗µpqα∗rs
]
(z, x, f) = I(z, x, f) if k = p. 
Lemma 5.2. Let α, δ, ξ ∈ HomA(Q,P ) and β ∈ HomA(Q,P
∗). Then, for i, j, k, l, r, s, p, q
with 1 ≤ i, k, r, p ≤ m, 1 ≤ j, l, s, q ≤ n, i 6= k and s 6= p, the four-fold commutator[
[Eαij , Eδkl ], [Eξrs, E
∗
βpq
]
]
is given by
[
[Eαij , Eδkl ], [Eξrs, E
∗
βpq
]
]
=


[
Eδklα∗ij , Eξrsβ∗pq
]
if i = p,[
Eαijδ∗kl , Eξrsβ∗pq
]
if k = p,
I otherwise .
Proof. If i 6= k, then, by Lemma 3.3, we have
[Eαij , Eδkl](z, x, f) = (I + δklα
∗
ij − αijδ
∗
kl)(z, x, f).
If r 6= p, then, by Lemma 3.5, we have
[Eξrs, E
∗
βpq
](z, x, f) = (I + βpqξ
∗
rs − ξrsβ
∗
pq)(z, x, f).
Now if i 6= k and r 6= p, then we get[
[Eαij , Eδkl], [Eξrs, E
∗
βpq
]
]
(z, x, f)
= (I + δklα
∗
ijβpqξrs
∗ − αijδ
∗
klβpqξ
∗
rs + ξrsβ
∗
pqδklα
∗
ij
− ξrsβ
∗
pqαijδ
∗
kl − ξrsβ
∗
pqδklα
∗
ijβpqξ
∗
rs + ξrsβ
∗
pqαijδ
∗
klβpqξ
∗
rs)(z, x, f)
=
[
Eαijδ∗kl , Eξrsβ∗pq
] [
Eδklα∗ij , Eξrsβ∗pq
]
(z, x, f). (17)
Now if k = p, then Equation (17) becomes
[
Eαijδ∗kl , Eξrsβ∗pq
]
(z, x, f) and in particular[
Eαijδ∗kl , Eξrsβ∗pq
]
(z, x, f) = I(z, x, f) if i = r,
and if i = p, then Equation (17) becomes
[
Eδklα∗ij , Eξrsβ∗pq
]
(z, x, f) and in particular[
Eδklα∗ij , Eξrsβ∗pq
]
(z, x, f) = I(z, x, f) if k = r. 
Lemma 5.3. Let α, δ ∈ HomA(Q,P ) and β, γ ∈ HomA(Q,P
∗). Then, for any i, j, k, l, r,
s, p, q with 1 ≤ i, k, r, p ≤ m, 1 ≤ j, l, s, q ≤ n, i 6= k and r 6= p, the four-fold commuta-
tor
[
[Eαij , E
∗
βkl
], [Eδrs, E
∗
γpq
]
]
is given by
[
[Eαij , E
∗
βkl
], [Eδrs, E
∗
γpq
]
]
=


[
Eαijβ∗kl, E
∗
γpqδ∗rs
]
−1
if k = r and i 6= p,[
Eδrsγ∗pq , E
∗
βklα
∗
ij
]
if i = p and k 6= r,
I if k 6= r and i 6= p.
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Proof. If i 6= k, then, by Lemma 3.5, we have
[Eαij , E
∗
βkl
](z, x, f) = (I + βklα
∗
ij − αijβ
∗
kl)(z, x, f).
If r 6= p, then, by Lemma 3.5, we have
[Eδrs , E
∗
γpq
](z, x, f) = (I + γpqδ
∗
rs − δrsγ
∗
pq)(z, x, f).
Now if i 6= k and r 6= p, then we get[
[Eαij , E
∗
βkl
], [Eδrs, E
∗
γpq
]
]
(z, x, f)
= (I + βklα
∗
ijγpqδ
∗
rs + αijβ
∗
klδrsγ
∗
pq − γpqδ
∗
rsβklα
∗
ij + αijβ
∗
klδrsγ
∗
pqαijβ
∗
kl
+ αijβ
∗
klδrsγ
∗
pqαijβ
∗
klδrsγ
∗
pq − δrsγ
∗
pqαijβ
∗
klδrsγ
∗
pq − βklα
∗
ijγpqδ
∗
rsβklα
∗
ij
− δrsγ
∗
pqαijβ
∗
kl + γpqδ
∗
rsβklα
∗
ijγpqδ
∗
rs + βklα
∗
ijγpqδ
∗
rsβklα
∗
ijγpqδ
∗
rs)(z, x, f).
(18)
Now if k = r and i 6= p, then, by Equation (18), we have[
[Eαij , E
∗
βkl
], [Eδrs, E
∗
γpq
]
]
(z, x, f) =
[
Eαijβ∗kl, E
∗
γpqδ∗rs
]
−1
(z, x, f)
and if i = p and k 6= r, then, by Equation (18), we have[
[Eαij , E
∗
βkl
], [Eδrs, E
∗
γpq
]
]
(z, x, f) =
[
Eδrsγ∗pq , E
∗
βklα
∗
ij
]
(z, x, f).
Now if i 6= p and k 6= r, then, by Equation (18), we get[
[Eαij , E
∗
βkl
], [Eδrs, E
∗
γpq
]
]
(z, x, f) = I(z, x, f). 
Lemma 5.4. Let α, δ, ξ, µ ∈ HomA(Q,P ). Then, for i, j, k, l, r, s, p, q with 1 ≤ i, k, r, p ≤ m,
1 ≤ j, l, s, q ≤ n, i 6= k and r 6= p, the four-fold commutator
[
[Eαij , Eδkl ], [Eξrs, Eµpq ]
]
is
given by [
[Eαij , Eδkl], [Eξrs, Eµpq ]
]
= I.
Proof. If i 6= k, then, by Lemma 3.3, we have
[Eαij , Eδkl](z, x, f) = (I + δklα
∗
ij − αijδ
∗
kl)(z, x, f).
If r 6= p, then, by Lemma 3.3, we have
[Eξrs, Eµpq ](z, x, f) = (I + µpqξ
∗
rs − ξrsµ
∗
pq)(z, x, f).
Now if i 6= k and r 6= p, then we get[
[Eαij , Eδkl], [Eξrs, Eµpq ]
]
(z, x, f)
= [Eαij , Eδkl][Eξrs , Eµpq ][Eαij , Eδkl ]
−1[Eξrs, Eµpq ]
−1(z, x, f)
= [Eαij , Eδkl][Eξrs , Eµpq ][Eαij , Eδkl ]
−1
((
I − µpqξ
∗
rs + ξrsµ
∗
pq
)
(z, x, f)
)
= [Eαij , Eδkl][Eξrs , Eµpq ]
((
I − µpqξ
∗
rs + ξrsµ
∗
pq + δklα
∗
ij − αijδ
∗
kl
)
(z, x, f)
)
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= [Eαij , Eδkl]
((
I + δklα
∗
ij − αijδ
∗
kl
)
(z, x, f)
)
= I(z, x, f). 
Lemma 5.5. Let β, γ, η, ν ∈ HomA(Q,P ). Then, for i, j, k, l, r, s, p, q with 1 ≤ i, k, r, p ≤ m,
1 ≤ j, l, s, q ≤ n, i 6= k and r 6= p, the four-fold commutator
[
[E∗βij , E
∗
γkl
], [E∗ηrs , E
∗
νpq
]
]
is
given by [
[E∗βij , E
∗
γkl
], [E∗ηrs, E
∗
νpq
]
]
= I.
Proof. If i 6= k, then, by Lemma 3.8, we have
[E∗βij , E
∗
γkl
](z, x, f) = (I + γklβ
∗
ij − βijγ
∗
kl)(z, x, f).
If r 6= p, then, by Lemma 3.8, we have
[E∗ηrs , E
∗
νpq
](z, x, f) = (I + νpqη
∗
rs − ηrsν
∗
pq)(z, x, f).
Now if i 6= k and r 6= p, then we get[
[E∗βij , E
∗
γkl
], [E∗ηrs , E
∗
νpq
]]
]
(z, x, f)
= [E∗βij , E
∗
γkl
][E∗ηrs , E
∗
νpq
][E∗βij , E
∗
γkl
]−1[E∗ηrs, E
∗
νpq
]−1(z, x, f)
= [E∗βij , E
∗
γkl
][E∗ηrs , E
∗
νpq
][E∗βij , E
∗
γkl
]−1
((
I − νpqη
∗
rs + ηrsν
∗
pq
)
(z, x, f)
)
= [E∗βij , E
∗
γkl
][E∗ηrs , E
∗
νpq
]
((
I − νpqη
∗
rs − ηrsν
∗
pq − γklβ
∗
ij + βijγ
∗
kl
)
(z, x, f)
)
= [E∗βij , E
∗
γkl
]
((
I − γklβ
∗
ij + βijγ
∗
kl
)
(z, x, f)
)
= I(z, x, f). 
Lemma 5.6. Let α, δ ∈ HomA(Q,P ) and β, γ ∈ HomA(Q,P
∗). Then, for any i, j, k, l, r,
s, p, q with 1 ≤ i, k, r, p ≤ m, 1 ≤ j, l, s, q ≤ n, i 6= k and r 6= p, the four-fold commuta-
tor
[
[Eαij , Eδkl ], [E
∗
βrs
, E∗γpq ]
]
is given by
[
[Eαij , Eδkl ], [E
∗
βrs
, E∗γpq ]
]
=


[
Eαijβ∗kl, E
∗
γpqδ∗rs
]
−1
if k = r and i 6= p,[
Eδrsγ∗pq , E
∗
βklα
∗
ij
]
if i = p and k 6= r,
I if k 6= r and i 6= p.
Proof. If i 6= k, then, by Lemma 3.3, we have
[Eαij , Eδkl](z, x, f) = (I + δklα
∗
ij − αijδ
∗
kl)(z, x, f).
If r 6= p, then, by Lemma 3.8, we have
[E∗βrs, E
∗
γpq
](z, x, f) = (I + γpqβ
∗
rs − βrsγ
∗
pq)(z, x, f).
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Now if i 6= k and r 6= p, then, by the coordinate-free method, we get[
[Eαij , Eδkl], [E
∗
βrs
, E∗γpq ]
]
(z, x, f)
=
(
I + δklα
∗
ijγpqβ
∗
rs − δklα
∗
ijβrsγ
∗
pq − αijδ
∗
klγpqβ
∗
rs + αijδ
∗
klβrsγ
∗
pq − γpqβ
∗
rsδklα
∗
ij
+ γpqβ
∗
rsαijδ
∗
kl − βrsγ
∗
pqαijδ
∗
kl − βrsγ
∗
pqαijδ
∗
klβrsγ
∗
pq + αijδ
∗
klγpqβ
∗
rsδklα
∗
ij
+ βrsγ
∗
pqδklα
∗
ij + γpqβ
∗
rsδklα
∗
ijγpqβ
∗
rs − γpqβ
∗
rsδklα
∗
ijβrsγ
∗
pq
+ γpqβ
∗
rsαijδ
∗
klβrsγ
∗
pq − βrsγ
∗
pqδklα
∗
ijγpqβ
∗
rs + βrsγ
∗
pqδklα
∗
ijβrsγ
∗
pq
+ βrsγ
∗
pqαijδ
∗
klγpqβ
∗
rs − δklα
∗
ijγpqβ
∗
rsδklα
∗
ij + δklα
∗
ijγpqβ
∗
rsαijδ
∗
kl
+ δklα
∗
ijβrsγ
∗
pqδklα
∗
ij − δklα
∗
ijβrsγ
∗
pqαijδ
∗
kl + αijδ
∗
klβrsγ
∗
pqαijδ
∗
kl
− αijδ
∗
klγpqβ
∗
rsαijδ
∗
kl − αijδ
∗
klβrsγ
∗
pqδklα
∗
ij − γpqβ
∗
rsαijδ
∗
klγpqβ
∗
rs
− δklα
∗
ijβrsγ
∗
pqαijδ
∗
klβrsγ
∗
pq + αijδ
∗
klβrsγ
∗
pqαijδ
∗
klβrsγ
∗
pq
+ δklα
∗
ijγpqβ
∗
rsδklα
∗
ijγpqβ
∗
rs − δklα
∗
ijγpqβ
∗
rsδklα
∗
ijβrsγ
∗
pq
− δklα
∗
ijγpqβ
∗
rsαijδ
∗
klγpqβ
∗
rs + δklα
∗
ijγpqβ
∗
rsαijδ
∗
klβrsγ
∗
pq
− δklα
∗
ijβrsγ
∗
pqδklα
∗
ijγpqβ
∗
rs + δklα
∗
ijβrsγ
∗
pqδklα
∗
ijβrsγ
∗
pq
− αijδ
∗
klγpqβ
∗
rsδklα
∗
ijγpqβ
∗
rs + αijδ
∗
klγpqβ
∗
rsδklα
∗
ijβrsγ
∗
pq
+ αijδ
∗
klγpqβ
∗
rsαijδ
∗
klγpqβ
∗
rs − αijδ
∗
klγpqβ
∗
rsαijδ
∗
klβrsγ
∗
pq
+ αijδ
∗
klβrsγ
∗
pqδklα
∗
ijγpqβ
∗
rs − αijδ
∗
klβrsγ
∗
pqδklα
∗
ijβrsγ
∗
pq
+ δklα
∗
ijβrsγ
∗
pqαijδ
∗
klγpqβ
∗
rs − αijδ
∗
klβrsγ
∗
pqαijδ
∗
klγpqβ
∗
rs)(z, x, f). (19)
If i = p or k = r or i 6= r and k 6= p, then the Equation (19) becomes[
[Eαij , Eδkl ], [E
∗
βrs
, E∗γpq ]
]
(z, x, f)
= I + δklα
∗
ijγpqβ
∗
rs + αijδ
∗
klβrsγ
∗
pq − γpqβ
∗
rsδklα
∗
ij − βrsγ
∗
pqαijδ
∗
kl
− βrsγ
∗
pqαijδ
∗
klβrsγ
∗
pq + γpqβ
∗
rsδklα
∗
ijγpqβ
∗
rs − δklα
∗
ijγpqβ
∗
rsδklα
∗
ij
+ αijδ
∗
klβrsγ
∗
pqαijδ
∗
kl + αijδ
∗
klβrsγ
∗
pqαijδ
∗
klβrsγ
∗
pq
+ δklα
∗
ijγpqβ
∗
rsδklα
∗
ijγpqβ
∗
rs + αijδ
∗
klβrsγ
∗
pqδklα
∗
ijγpqβ
∗
rs. (20)
If (i) i = p and k 6= r or (ii) i 6= r, k 6= p and k 6= r, then the Equation (20) reduces to
I + δklα
∗
ijγpqβ
∗
rs − βrsγ
∗
pqαijδ
∗
kl =
[
Eδklα∗ij , E
∗
βrsγ∗pq
]
−1
.
If (i) k = r and i 6= p or (ii) i 6= r, k 6= p and i 6= p, then the Equation (20) reduces to
I + αijδ
∗
klβrsγ
∗
pq − γpqβ
∗
rsδklα
∗
ij =
[
Eαijδ∗kl , E
∗
γpqβ∗rs
]
−1
.
If i = r or k = p or if i 6= p and k 6= r , then the Equation (19) becomes[
[Eαij , Eδkl ], [E
∗
βrs
, E∗γpq ]
]
(z, x, f)
= I − δklα
∗
ijβrsγ
∗
pq − αijδ
∗
klγpqβ
∗
rs + γpqβ
∗
rsαijδ
∗
kl + βrsγ
∗
pqδklα
∗
ij
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− γpqβ
∗
rsαijδ
∗
klγpqβ
∗
rs + βrsγ
∗
pqδklα
∗
ijβrsγ
∗
pq + δklα
∗
ijβrsγ
∗
pqδklα
∗
ij
− αijδ
∗
klγpqβ
∗
rsαijδ
∗
kl + δklα
∗
ijβrsγ
∗
pqαijδ
∗
klγpqβ
∗
rs
+ δklα
∗
ijβrsγ
∗
pqδklα
∗
ijβrsγ
∗
pq + αijδ
∗
klγpqβ
∗
rsαijδ
∗
klγpqβ
∗
rs. (21)
If (i) i = r and k 6= p or (ii) i 6= p, k 6= r and k 6= p, then the Equation (21) reduces
to
I − δklα
∗
ijβrsγ
∗
pq + γpqβ
∗
rsαijδ
∗
kl =
[
Eδklα∗ij , E
∗
γpqβ∗rs
]
.
If (i) k = p and i 6= r or (ii) i 6= p, k 6= r and i 6= r, then the Equation (21) reduces to
I − αijδ
∗
klγpqβ
∗
rs + βrsγ
∗
pqδklα
∗
ij =
[
Eαijδ∗kl, E
∗
βrsγ∗pq
]
. 
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